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Deployment/Retrieval Control of Tethered Subsatellite
Through an Optimal Path
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Development of a feedback control law to follow an optimal path is presented concerning the deployment/retrieval
phase of a subsatellite connected to the Shuttle through a tether. The optimal path to be tracked is obtained
numerically by solving a two-point boundary-value problem with inequality constraints on tether tension that is
the control force, with fixed boundary conditions, and with an unspecified terminal time. The feedback control
algorithm is designed using a Lyapunov function to asymptotically reduce the deviation of the actual trajectory
from the optimal path. The Lyapunov function is defined to be positive definite and to be zero when the trajectory
coincides simultaneously with the optimal path. The present method of control is simulated numerically, and
the results show excellent controlled response of the tethered subsatellite system. A comparison of the present
approach with the neighboring optimum feedback control is also presented and shows the superior performance
of the tracking-type control using the Lyapunov function for large initial variations from the optimal path.

I. Introduction

T ETHERED subsatellite systems have the potential of playing
important roles in future space missions. Some of the applica-

tions are, for example, cargo transfer, assembly of space structures,
generation of artificial gravity, release of artificial meteors, ren-
dezvous procedure, and low-altitude science applications.1"4 One
future mission of the tethered subsatellite necessitates the process
of deploying the tethered subsatellite from the Shuttle to access
altitudes as low as 100-150 km. This mission is necessary since
altitudes between 100 and 150 km are too high for balloons or re-
search aircraft and too low for satellites in circular orbits. Control of
the deployment/retrieval processes of the tethered subsatellite in this
mission is essential in order to accomplish the mission objective.

This paper is concerned with the design of a control algorithm
for the deployment/retrieval phase of the tethered subsatellite con-
nected to the Shuttle. Various control laws have been proposed to
date to complete the deployment/retrieval phase of the tethered sub-
satellite such as the tether tension control, the tether length rate
control, and thrust-augmented torque control.5"15 Rupp16 investi-
gated a control problem for deployment with a tension control law
that is a linear function of tether length, its rate, and the commanded
length. Feedback gains in the tension control law are determined
by utilizing the natural frequency of the equations of motion. An
optimal control law is presented based on an application of the
linear regulator problem by Bainum and Kumar,17 and the tension
control law involving tether length, its rate, in-plane angle, its rate,
and the commanded length is applied for the deployment/retrieval
and stationkeeping phases. Among them a nonlinear tension control
named the mission-function control is presented by Fujii et al.18"20

using the concept of the Lyapunov function. The mission function
control is also applicable to control distributed-parameter systems
as shown by Junkins et al.21 for the near-minimum-time control of
slew maneuvers.

In this paper, the concept of an optimal path is presented for the
deployment/retrieval of the tethered subsatellite, and the mission-
function control is applied to the tracking-type control in order to
follow the optimal path. Results of the numerical simulation show
excellent controlled behavior of the tethered subsatellite system to
confirm the effectiveness of the present control method.
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II. Description of System
The system of the tethered subsatellite connected to the Shuttle

is illustrated in Fig. 1. The center of attraction is denoted by P and
the center of mass of the Shuttle by C. The orthogonal axes X,
F, and Z are defined along PC, along the orbital velocity vector,
and along the orbital angular velocity vector, respectively, origi-
nating at C. The parameters m, /, 0, and 0 denote mass of the
subsatellite, length of the tether, position angle of the subsatel-
lite in the orbital plane (in-plane), and that in the out of plane,
respectively.

In this study, the following assumptions are made:
1) The mass of the subsatellite is sufficiently small with respect

to the mass of the Shuttle and C always remains in its nominal
orbit.

2) The tether has no mass and thus its flexibility is ignored.
3) The only external force affecting the motion is the gravitational

force caused by P. The orbit is circular with a radius RQ and a
constant angular velocity Q.

4) The control force acts only along the tether through tension T,
and no control force or energy dissipation exists for motion perpen-
dicular to the tether line.

Under the above assumptions, the nondimensional equations of
motion are obtained as follows:

A" - A0'2 - A0/2 cos2 0 - 2A0' cos2 0

- 3A cos2 0 cos2 0 + A sin2 0 = -f (la)

A0"cos0 + 2A /0'cos0-2A0 /0 /sin0 + 2A'cos0

- 2A0' sin 0 + 3A sin 0 cos 0 cos 0 = 0 (Ib)

A0" + 2 A'0' + A0/2 sin 0 cos 0 + 2A0' sin 0 cos 0

+ 3A cos2 0 sin 0 cos 0 + A sin 0 cos 0 = 0 (Ic)

where (•)' = d ( - ) / d r , T = tot, t is time, A = l/\l(t = 0) -
lm\, lm is the desired length for the deployment or retrieval, and
T = T/[m^2\l(t = 0) — lm\] is the tension in nondimensional
form.

Numerical simulations are presented for the case when the Shuttle
is assumed to follow a circular orbit with a radius of 6600 km and
orbital velocity 7.065 x 10~2 rad/min. The boundary conditions
for calculating the optimal path for the deployment/retrieval are as
follows (where tf is the terminal time):
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Fig. 1 Schematic representation of tethered satellite system.
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For the retrieval phase:

Fig. 2a Optimal paths for two different terminal times (deployment
phase); • • • —terminal time is about 80 mins; ———terminal time is
about 71 mins.
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The initial velocity for the deployment phase is set to be 10 m/s due
to a maximum velocity that is provided by the Shuttle.

III. Optimal Path
A. Optimal Path with Cost Index Minimum

The optimal path is presented in this paper in the sense that the
time integral of squared tension in the reel mechanism is minimum.
There are several solutions for different terminal times, as shown in
Figs. 2a and 2b. Therefore, the terminal time is also optimized to
decide an optimal path among them.

To obtain the optimal path of the subsatellite for the deploy-
ment/retrieval, nondimensional time is defined using an unknown
terminal time t/ that is to be optimized:

= T/tf, 0 < T (4)

Thus the problem can be treated as a problem with the terminal
time fixed. Let us consider a problem to find control force T ( r ) to
minimize the performance index

J = \t (RT2 -f g©2) dr

with the inequality constraints

Timn < f < fmax, fmin = 0.01,

(5)

(6)

where R and Q are positive weighting coefficients. The inequality
constraints of the nondimensional tension is introduced as in Eq. (6).
The lower bound of the constraints is set since tether becomes slack
if the tension is less than zero. The upper bound is also set since the
tolerable tension is limited for the existing tether material whereas
the value of the nondimensional tension is about 3.03 (<fmax) in the
state of static equilibrium at the altitude of 100 km.

Fig. 2b Optimal paths for two different terminal times (retrieval
phase); • • • —terminal time is about 71 mins; —— —terminal time is
about 85 mins.

The motion of the system is described by Eqs. (1) with the
initial boundary conditions X(T = 0) and the constraining func-
tion (p[x(r = 1)] of the terminal state as follows [where X(T) =
(A, A', 0,0', 0,0')]:

*(0) = (A0, AO, ©o, 00> 0o, 00) = given

<p[x(\)] = (A - AT=i, A', 0, 0', 0, 0;) - (0, 0, 0, 0, 0, 0)

(7)
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The augmented performance index is written as

/

i
[\tf(RT2 + <202) + Xf(tff - x')] dr

.

Consequently,

(8)

where A.(r) and v are the multiplier functions and multipliers,
respectively.

The Euler-Lagrange equations then become as follows:

dx

ar
3H

where // is the Hamiltonian defined as

(9a)

(9b)

(9c)

(10)

The optimal condition for the control force [Eq. (9b)] is to be
modified under the constraint of its inequality condition, Eq. (6).
That is to say that the Hamiltonian is minimized by the optimal
control force T*(T) under the constrained condition.

The boundary condition of the multiplier functions is obtained as
follows:

(11)

(12)

The condition for the terminal time is defined as

—— =0
~a77 ~

Consequently, the problem is reduced to a two-point boundary-
value problem that consists of the equations of the multiplier func-
tions (9a) and the equations of motion (9c) with the boundary con-
ditions (7) and (11). The optimal control tension T*(r) is not easily
obtained analytically and is sought through numerical analysis em-
ploying the conjugate gradient method22 and the multiplier method.
The clipping-off method23 is also employed to treat the present prob-
lem with the constrained control force.

B. Conjugate Gradient Method22 and Clipping-Off Method23

The control force f ( t ) is considered to be an ft-component vector
for numerical analysis. The minimum value of J* can be obtained
through the numerical iteration of T. Denoting the numbers of it-
eration by /, the (/ + l)th iteration of T is calculated from the /th
selection of T:

iSit Si + i = -gi+l + PiSi

fr = \gi+i\2/\gi\2 (13)

where at = mina J*(Tt + aSt) and gt = d
In this study, since the control tension is constrained, s and p are

defined by the clipping-off method as follows:

72 = 0 or 73 = 0

where

(0 < y < 1) (14)

(/3 + 0)

)dr

=[
JUi

- J . E Uf

where S* denotes the event when the tension is saturated and U*
denotes the event when the tension is not saturated.

IV. Mission-Function Control
A. Control Along Optimal Path

Let the subscript t denote the state of the optimal path along the
trajectory of equations of motion. The deployment/retrieval phase
is controlled by a tracking-type control law to reduce the deviation
of the actual trajectory from the optimal path. Tracking-type con-
trol is applied because a controlled motion with the optimal control
tension 7"*(r) only does not trace the optimal path in the presence
of inevitable state observation errors or parameter uncertainty of
the system. Furthermore, even if a neighboring optimum feedback
control,24 which is obtained by linearizing Eqs. (7-11) around the
optimal path and can stabilize small perturbations from the optimal
path, is applied, the trajectory with the neighboring optimum feed-
back control does not trace the optimal path under the existence of a
large deviation, as shown in Fig. 3. The control law presented in this
paper is a feedback control algorithm using the mission-function
control algorithm,18"20 which is designed to stabilize asymptoti-
cally the deviation of the trajectory from the optimal path by gener-
ating a Lyapunov function called the mission function. The mission
function is defined to be positive definite and to be zero when the
trajectory coincides simultaneously with the optimal path.

The following mission function M\ is applied for the tracking-
type control:

= M2 (16a)

M0 = |{fli(A - A,)2 + b{[(Af - AJ)2 + (A0' - A,0J)2

+ 3(A sin 0 - A, sin 0,)2] + c\ (A0 - A,0,)2}

+ bi I (A, A ; -A A')
Jo

x [0',(0' - 0;) - 3(0 - 0,) sin 0, cos 0,] dr

-d (A0 - A/0,)(A0/ - AJ0) dr (0 < r < 1) (16b)
Jo

where a\,b\9 and c\ are the positive weighting coefficients.
The optimal path is calculated with the terminal state fixed. The

values of the terminal state in the optimal control are selected as

A, = Am, A; = 0, = 0; = 0, = 0; - o a?)
where Am is the nondimensional length at the objective state.

Using Eqs. (1), the nondimensional time derivative of the mission
function is obtained along the trajectory of the system as follows:

AM.
• E (18)

where

?, = f, + (fli/fci + 3)(A - A,) + C!0(A0 - A,0,)

+ (A + A,)[0;(0' - 0J) - 3(0 - 0,) sin0, cos©,]

( 0 < r < l ) (19)

and

E = -3AA;{|(07 - 0;)2 + (sin2 0, + 0; sin 0, cos 0,)

x (0 - 0,)2 - (0 - 0,)(07 - 0J) sin2 0, } (20)

Here T\ is the freely assignable part of T\ and E is the error term
with no definite sign.
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Fig. 3 Trajectory with a neighboring optimum feedback control.
. . . —optimal path for the tethered subsatellite; a) —— —trajectory
with the optimal control tension including a neighboring optimum feed-
back control and b) - - - —trajectory with the optimal control tension
including a neighboring optimum feedback control; Initial conditions:
a) / = 1.1 km, /' = 10 m/s, 0 = 0' = 0.0 and b) / = 1.1 km, /' =
10m/s,0 = 0.1,©' =0.0.

2.13

2.125

Fig. 4 Value of 3̂ with respect to values of positive weighting coeffi-
cients a\ and k\ (retrieval phase).

Selection of T\ in this case as

f,=*,(A'-A' t)M0
0) (21)

gives the following representation of the time derivative of the mis-
sion function:

The time derivative of the mission function cannot be set perfectly
to be negative definite due to the error term E. If the error of the
rotational angle of the subsatellite from the optimal path is assumed
to be sufficiently small and its terms higher than second order are
neglected, the error term E vanishes. The following performance
index is defined to select the values of the positive weighting coef-
ficients a\, k\, and b\ that can make the error of the rotational angle
from the optimal path small and the error term E ignored:

/3 = - (23)

The coefficients are determined under the condition that the nondi-
mensional tension T\ is not negative and less than 7^. Conse-
quently, T\ is selected in this paper to be the control force. Figure 4

shows the variation for values of J^ with respect to the values of the
weighting coefficients a\ and k\ with the value of b\ and the initial
conditions fixed. It is apparent from this figure that the coefficients
can be selected to improve the control performance by reducing the
deviations of the rotational angle from the optimal path integrated
for the time from 0 to 1.

B. Control After Terminal Time
Another type of mission function, M2,20 is applied to complete

the given mission after the time period t/ and is defined as follows:

2M2 = 02(A - Am)2 + a3A2 + fr3A2(02 + 3 sin2 0)

(24)

where a2, a3, and &3 are the positive weighting coefficients. As
apparent from Eq. (24), the mission function M2 is positive definite
and zero at the objective state, Eq. (17).

The nondimensional time derivative of the mission function is
obtained as

dM:

~dr

where

- = -A'f2

02,

(25)

T2 = A(0/2 + 20' + 3 cos 02) + — (A - Am)

+ — A[-0/2 + 3 sin 02 - 20'] + — T2a3 a2

and T2 is the freely assignable part of T2.
Selection of T2 in this case as

Z 2 :—• &?A (K2 0)

(T > 1) (26)

(27)

gives the following representation of the time derivative of the mis-
sion function:

(28)dr

The time derivative of the mission function is negative semidef-
inite, as shown in Eq. (28). Through use of Eqs. (26) and (27), the
tension T2 provides the control algorithm for the tethered system and
is applied to the in-plane and the out-of-plane motions [Eqs. (1)] af-
ter the time period tf.

V. Numerical Results for Control Through
Optimal Path

The deployment phase is studied for present optimal control nu-
merically with the initial conditions disturbed slightly from the op-
timal path:

/ = 1.1km, /' = 10 m/s, 0 = 0.1, 0' = 0

at t = 0 (29a)

and with the terminal state variables

/„ = lookm, /; = 0m - 0; =
at t = tf

(29b)

Furthermore, errors with order of ±1.0% are included in the nu-
merical simulation as unavoidable state uncertainty.

Figures 5a and 5b show the time histories of the subsatellite po-
sition in the in plane and out of plane during the deployment with
fli = 12.98, bi = 1.000, ki = 6.37 x 102, and c{ = 0.001. The
dotted line represents the optimal path for the tethered subsatellite.
The dashed line represents a trajectory when the optimal control in-
put Tt without any feed back is applied and the solid line represents
a trajectory when the control tension T\ is applied by the tracking
control. The deviation from the optimal path apparently increases
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Y (km)

Fig. 5a In-plane motion of tethered subsatellite for deployment phase.
. . . —optimal path for the tethered subsatellite; - - - —trajectory un-
der the optimal control tension with slight initial deviation; —— —
trajectory under the tracking-type control with slight initial deviation;
(Initial conditions: / = 1.1 km, /' = 10 m/s, 0 = 0.1, 0' = 0.0,
</> = 0.!,(/>' = 0.0).

(km)

Fig. 5b Out-of-plane motion of tethered subsatellite for deployment
phase. • • • —optimal path for the tethered subsatellite; - - - —trajectory
under the optimal control tension with slight initial deviation; —— —
trajectory under the tracking-type control with slight initial deviation;
(Initial conditions: / = 1.1 km, /' = 10 m/s, 0 = 0.1, 0' = 0.0,
4> = o.i, </>' = o.O).

for the case of the control inputs ft (dashed line). The reason is
easily recognized by investigating Fig. 5c, which shows the time
history of the multiplier functions X(t). The components of X(t) are
defined as

(30)

and this equation means that the multiplier functions are the gradient
of the performance index with respect to the state vector. If the
initial absolute value of the multiplier is large, as shown in Fig. 5c,
even slight deviation in the initial condition consequently causes the
trajectory for the optimal control Tt to deviate from the optimal path.
In other words, it is not easy to keep the optimal conditions when the
gradient of the performance index with respect to the state variables
becomes large. It is seen from Fig. 5a that the optimal path is traced
very well by the trajectory obtained with the control tension T\ of
the tracking type compared with the trajectory obtained with the
neighboring optimum feedback control under the same deviation of
the initial conditions shown in Fig. 3. The tension control is changed

Fig. 5c Variation of multipliers function with respect to nondimen-
sional length.

Fig. 5d Variation of nondimensional tension; • • • —optimal control
tension of the optimal path; —— —control tension which is obtained
from the Mission-Function control.

to TI after the optimal path is completed at tf (83 min). It amounts
to about 350 min for the state variables to converge into an objective
state [Eq. (29b)] in this case of the deployment phase.

Results of the numerical simulation for the retrieval case are
shown in Figs. 6a-6c. The initial conditions and the terminal con-
ditions are selected as follows:

/ = 101 km,
I' = 0' :

/,„ = 1 km,

0 = 0.01,
p' = 0 at

0 = 0.001
t = 0

l'a=&m= ©L = *m = <

at t = tf

= o

(3 la)

(31b)

The time histories of the subsatellite in the in plane and the out
of plane during retrieval are shown in Figs. 6a and 6b in the same
manner as in Figs. 5a and 5b. In this case, the values of the pos-
itive weighting coefficients are set to be a\ — 5.10, b\ = 1.000,
k\ = 2.12 x 104, and c\ — 0.001. It is obviously seen from these
results that the present tracking control works very well. Figure 6c
shows the time responses of 0 and 0 . The out-of-plane motion is
stabilized by the tension control that is led from the mission function
[Eqs. (26)], similar to the deployment phase, even if the tension does
not include the angle and its rate in the out of plane. The reason is
that the out-of-plane motion is reduced to the undamped motion by
suppressing the in-plane motion A and 0 [Eqs. (lc)]. The tension
control is changed to 7^ after the optimal path is completed at tf (70
min). It amounts to about 500 min for the state variables to converge
into an objective state [Eq. (31b)]. Figure 6e shows that the mission
function decreases as time increases.

Comparing the optimal paths with the case of terminal time fixed
(Figs. 2a and 2b) and those with the case of terminal time unspec-
ified (Figs. 5a and 6a), it is seen that the maximum displacement
of the subsatellite from the X axis is reduced due to the process
of optimization on the unspecified terminal time. It is concluded
that the optimization of the terminal time is important to obtain the
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-120 L (km)

Fig. 6a In-plane motion of tethered subsatellite for retrieval phase; • • •
— optimal path for the tethered subsatellite; - - - — trajectory under the
optimal control tension with slight initial deviation; —— — trajectory
under the tracking-type control with slight initial deviation; (Initial con-
ditions: / = 101 km, /' = 0.0 m/s, 0 = 0.01, 0' = 0.0, <f> = 0.001,
<£' = 0.0).

(km)

Fig. 6b Out-of-plane motion of the tethered subsatellite for retrieval
phase; • • • —optimal path for the tethered subsatellite; - - - —trajectory
under the optimal control tension with slight initial deviation; —— —
trajectory under the tracking-type control with slight initial deviation;
(Initial conditions: / = 101 km, V = 0.0 m/s, 0 = 0.01, 0' = 0.0,
</> = 0.001, (f)f = 0.0).

Fig. 6c Variation of position angle in the in-plane and out-of-plane
motion; —— —position angle in the in-plane motion; - - - —position
angle in the out-of-plane motion.

optimal path for the deployment/retrieval phase. The value of the
nondimensional length A on the optimal path for the retrieval case
does not converge into the objective state equation (3) due to sensi-
tivity of the conditions on the object state equation (3) for solving
this two-point boundary-value problem with inequality constraints
on tether tension as in Eq. (6).

Fig. 6d Variation of the nondimensional tension; • • • —optimal control
tension, of the optimal path; —— —control tension, which is obtained
from the Mission-Function control.

100 200 300 400 500 600

Fig. 6e Plot on a log scale of mission function against time.

VI. Conclusions
The control problem of the deployment/retrieval of the teth-

ered subsatellite has been studied through the application of the
mission-function control and optimal control. Results of numeri-
cal simulation show that, if the initial conditions deviate slightly
from the initial conditions of the optimal path, a preferable con-
trol performance cannot be obtained by either the optimal control
tension only or the tension including the neighboring optimum feed-
back control. The trajectory under the tracking-type control using
the mission-function control converges into the objective state in
the in-plane motion; therefore, the out-of-plane motion is stabi-
lized under the existence of error in sensor measurement and the
deviation of the state variable from the optimal path. It is con-
cluded that the present control algorithm assures excellent perfor-
mance for the control of the deployment/retrieval of the tethered
subsatellite.
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